functions. The choice of these functions is dictated by computational expedience and usually does not reflect singularities present in the potential energy. Thus, at the one-electron level, the commonly employed Gaussian-type basis functions do not possess cusps at nuclei, and at the manyelectron level, the Slater determinants do not reproduce the electron-electron coalescence cusps.
Introduction
The vast majority of modern quantum-chemical calculations rely on approximating electronic wavefunctions (or their equivalents) with linear combinations of basis which relates the rate of decay of the collective occupancy (per spin) ν l of the natural orbitals (NOs) with the angular momentum l to the spatial part �( r 1 , r 2 ) of the underlying electronic wavefunction, is of particular interest. Unfortunately, rigorous analysis of deviations of the collective occupancies from their asymptotic estimates given by Eq. (1), which would certainly aid in the development in more accurate extrapolation formulae, has not been carried out thus far. As demonstrated in the present paper, such an analysis, which is quite difficult (if not outright impossible) for fully Coulombic systems (i.e., the helium-like species) due to the unavailability of an explicit expression for ν l , becomes facile upon replacing the external Coulombic potential with the harmonic one.
Theory
The two-electron harmonium atom, described by the nonrelativistic Hamiltonian [13, 14] is an archetype of quasi-solvable systems of relevance to electronic structure theory. As such, it has been repeatedly employed in calibration and benchmarking of approximate electron correlation methods, especially in the context of the density functional theory [15] [16] [17] [18] [19] [20] . Its three-and fourelectron counterparts have also been extensively studied [21] [22] [23] [24] [25] . The spatial part of the 1 S + ground-state wavefunction �(ω; � r 1 , � r 2 ) of the two-electron harmonium atom is given by the expression [13, 14] (2)
It is worth noting that, since the ratio C 1 (ω)/C 0 (ω) is fixed at 1 2 by the electron-electron coalescence cusp condition,
For certain values of ω ∈ {ω K }, the series (4) terminates at the Kth power of r (K ≥ 1). The first four elements of the set {ω K } are ω 1 = √ 57 712 [13, 14] . Because to its spherical symmetry, �(ω; � r 1 , � r 2 ) can be partitioned into contributions � l (ω; r 1 , r 2 ) due to individual angular momenta l, where P l (t) is the lth Legendre polynomial and θ 12 is the angle between the vectors r 1 and r 2 . The norm
(1) has the large-l asymptotics of
Computations of the partial-wave contributions commence with application of the identities [26] and
(7)
where the correlation factor g(ω; r) (inclusive of the normalization constant) has the power series representation
where r < = min(r 1 , r 2 ), r > = max(r 1 , r 2 ), and (9)
Combining Eqs. (3), (4) , and (5) with Eqs. (7)- (10) produces where the contributions due to the terms with even and odd powers of r in the expansion (4) read and respectively.
When employed in conjunction with the identity where Ŵ(t) and 2 F 1 a 1 , a2 b 1 t are the pertinent gamma and hypergeometric functions, respectively, Eqs. (12) and (13) yield where
Although it is unlikely that in general the sums that enter Eqs. (16)- (18) are reducible to simple analytical expressions, they permit rapid computations of the collective occupancies for arbitrary angular momenta.
The case of a polynomial correlation factor
When ω = ω K , the wavefunction (3) can be written in a closed form as the correlation factor g(ω; r) is a polynomial of degree K in the interelectron distance r. Accordingly, the even/even and odd/even terms in the rhs of Eq. (15) contribute only to the collective occupancies of NOs with
2 . In contrast, the odd/odd terms do not vanish for any value of the angular momentum, giving rise to the large-l asymptotics of ν l (ω). For individual (j, j ′ ) combinations, the summations in Eq. (18) can be carried out explicitly, producing expressions involving the digamma function γ (t), e.g., by the previously published expressions valid for K = 1 [27, 28] and K = 2 [28] .
The weak-correlation limit
At the weak-correlation limit of ω → ∞, closed-form expressions for the collective occupancies are readily obtainable. The wavefunctions {� nlm (ω; � r)} of a three-dimensional harmonic oscillator with the circular frequency ω, provide a suitable basis set for such calculations thanks to the simple form of the respective two-electron integral (24) in agreement with the corollary (6) of Hill's formula. Equation (19) reproduces the collective occupancies produced
which facilitates explicit evaluation of the sums that enter the expressions and (25) where E (2) l is the incremental contribution to the secondorder energy E (2) [and also to its correlation component E (2) corr for l � = 0] arising from � l (ω; r 1 , r 2 ). Application of well-known algebraic techniques [29] to these expressions, which follow for l � = 0 from straightforward arguments based upon perturbation theory [30] Laguerre polynomial, spherical harmonic, and generalized hypergeometric function, respectively. Equation (29) yields the leading asymptotics {ν l (ω)} of the collective
occupancies at the limit of ω → ∞ that, in excellent agreement with the previously published results of numerical calculations [14] , equal 
The strong-correlation limit
At the strong-correlation limit of ω → 0, the wavefunction (3) is given by its asymptotic expression [13, 14] where r 0 = ( 2 ω 2 ) 1/3 . The corresponding leading asymptotics {ν l (ω)} of the collective occupancies is given by Table 1 The collective occupancies of NOs at the four largest values of ω that correspond to polynomial correlation factors (31)
The integrals that enter Eq. (31) can be evaluated (in the asymptotic sense) with Laplace's method, yielding [22] These collective occupancies properly sum to the number of electrons, but obviously do not conform to Hill's asymptotic formula
Discussion and conclusions
The collective occupancies of natural orbitals pertaining to ground states of two-electron harmonium atoms with the four largest confinement strengths that give rise to polynomial correlation factors are listed in Table 1 . As expected, the values of ν 0 (ω K ) gradually decrease with K as weakening of the confinement (note that ∀ K ω K+1 < ω K ) gives rise to stronger electron correlation. Interestingly, this depopulation of the s-type orbitals does not translate into uniform increases in the collective occupancies of NOs with nonzero angular momenta l. The key to understanding of this phenomenon lies in the behavior of the even/even, odd/ even, and odd/odd terms in Eq. (15), namely the vanishing
of the first two types of contributions for l > 2
. Thus, at least for ω ∈ {ω K }, decreasing ω results in predominant enhancement of the collective occupancies of NOs with low values of l. The range of the angular momenta at which this mechanism is operative steadily increases with the extent of electron correlation. In light of this observation, one anticipates large deviations of the collective occupancies from their asymptotic counterparts given by Hill's formula. Indeed, inspection of Table 2 , in which the ratios of the computed data from Table 1 to those obtained from Eq. (23) are compiled, reveals dramatic failures of the asymptotic predictions for small angular momenta, attainment of the asymptotic convergence requiring larger and larger values of l as the electrons become more correlated. Consequently, the complete breakdown of Hill's asymptotics at the strong-correlation limit of ω → 0 comes as no surprise.
It is instructive to compare the exact expressions (28) and (29) with the asymptotic ones, i.e., and The convergence of the exact collective occupancies and energy increments to their asymptotic counterparts is found to be rather slow, the differences at l = 5 amounting to 9.3 and 3.6 %, respectively, and decreasing to 3.0 and 1.1 % at l = 10. Thus, even at the weak-correlation limit of ω → ∞, significant deviations from the leading asymptotic terms of Hill's formulae are observed.
The results of the present study have direct relevance to construction of approximate extrapolation schemes that aim at estimation of the CBS limits. Relying on the dominance of the leading large-l asymptotic terms in the partial-wave expansions, these schemes are commonly employed in electronic structure calculations on systems with small to moderate electron correlation. As clearly demonstrated by the aforediscussed data, such extrapolations are bound to fail for strongly correlated species, especially when the nondynamical correlation effects are significant.
In addition to providing benchmarks for extrapolation schemes, Eqs. (28) and (29) give rise to some new identities of mathematical interest. First, combining Eq. (28) with the known asymptotic expansions for the total energy and its l = 0 component at the limit of ω → ∞ [31] yields the identity In turn, employing this result in conjunction with Eqs. (29) and the known expression for ν 0 (ω) [31] , one arrives at To author's best knowledge, the identities (37) and (38), which can also be derived from the integral representation of the generalized hypergeometric function, have not been previously published.
